
International Journal of Basic Sciences and Applied Computing (IJBSAC) 
ISSN: 2394-367X, Volume-1 Issue-4, February 2015 

  

1 

 

Published By: 
Blue Eyes Intelligence Engineering 
& Sciences Publication Pvt. Ltd. 

  
Abstract— In this paper we introduced prime radicals and 
completely prime radicals in ternary smearing.  It is proved that : 
If A, B and C are any three ideals of a ternary semiring T, then i) A 

⊆  B ⇒ A ⊆ B , ii) if A ∩ B∩ C ≠ ∅∅∅∅ then 

ABC = A B C A B C=∩ ∩ ∩ ∩  iii) A =  

A .  Further it is proved that an ideal Q of ternary semiring T is 

a semiprime ideal of T if and only if Q    =Q.  It is proved that if 

P is a prime ideal of a ternary semiring T, then  ( )nP  = P for 

all odd natural numbers n∈N and if A is an ideal of a ternary 

semiring T then A ={x ∈∈∈∈ T: every m-system of T containing x 

meets A} i.e., A  = { : ( )x T M x A∈ ≠ ∅∩ }. 

Mathematical Subject Classification: 16Y30, 16Y99. 

Keywords: left simple, lateral simple, right simple, simple, duo 
ternary semiring,semisimple ternary semiring, globally 
idempotent. 

I.  INTRODUCTION 

Algebraic structures play a prominent role in mathematics 
with wide ranging applications in many disciplines such as 
theoretical physics, computer sciences, control engineering, 
information sciences, coding theory, topological spaces, and 
the like.  The theory of ternary algebraic systems was 
introduced by D. H. Lehmer [9].  He investigated certain 
ternary algebraic systems called triplexes which turn out to be 
commutative ternary groups.  D. MadhusudhanaRao[9] 
characterized the primary ideals in ternary semigroups. about 
T. K. Dutta and S. Kar [6] introduced and studied some 
properties of ternary semirings which is a generalization of 
ternary rings.  D. MadhusudhanaRao and G. Srinivasa Rao 
[11] investigated and studied about special elements in a 
ternary semirings. D. Madhsusudhana Rao and G. Srinivasa 
Rao [12, 13] introduced the ternary semiring in which 
satisfies the some identities and they made a study and 
investigated structure of certain ideals in ternary semirings.  
Our main purpose in this paper is to introduce the Structure of 
prime radical in ternary semirings. 
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II.  PRELIMINARIES   

Definition 2.1[10] : A nonempty set T together with a binary 
operation called addition and a ternary multiplication denoted 
by [ ] is said to be a ternary semiring if T is an additive 
commutative semigroup satisfying the following conditions : 
i) [[ abc]de] = [a[bcd]e] = [ab[cde]], 
ii) [( a + b)cd] = [acd] + [bcd], 
iii) [ a(b + c)d] = [abd] + [acd], 
iv) [ab(c + d)] = [abc] + [abd] for all a; b; c; d; e ∈T. 
Throughout Twill denote a ternary semiring unless otherwise 
stated. 

Note 2.2 : For the convenience we write 1 2 3x x x  instead of 

[ ]1 2 3x x x
 

Note 2.3 : Let T be a ternary semiring. If A,B and C are three 
subsets of T , we shall denote the set  

ABC = { }: , ,abc a A b B c CΣ ∈ ∈ ∈ . 

Note 2.4 : Let T be a ternary semiring. If A,B are two subsets 
of T , we shall denote the set A + B = 

{ }: ,a b a A b B+ ∈ ∈ . 

Note2.5 : Any semiring can be reduced to a ternary semiring. 

Example 2.6 :Let T be an semigroup of all m × n matrices 
over the set of all non negative rational numbers.  Then T is a 
ternary semiring with matrix multiplication as the ternary 
operation. 

Example 2.7 :Let S = {...,−2i, −i, 0, i, 2i, ...} be a ternary 
semiring withrespect to addition and complex triple 
multiplication. 

Example 2.8 :The set T consisting of a single element 0 with 
binary operation defined by 0 + 0 = 0 and ternary operation 
defined by 0.0.0 = 0 is a ternary semiring.  This ternary 
semiring is called the null ternary semiring or the zero 
ternary semiring. 

Example2.9 : The set Q of all rational numbers with respect 
to ordinary addition and ternary multiplication [ ] defined by 
[abc] = abc for all a, b, c∈ Q is a ternary semiring. 

Definition 2.10[10]: A ternary semiring T is said to be 
commutative ternary semiring provided abc = bca = cab = 
bac = cba = acbfor all a,b,c∈  T. 

Example 2.11 : (Z0, +, .) is a ternary semiring of infinite order 
which is commutative. 
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Example2.12 :The set 2I of all even integers is a 
commutative ternary semiring with respect to ordinary 
addition and ternary multiplication [ ] defined by [abc] = abc 
for all a, b, c∈ T. 

Definition 2.13[14] : A nonempty subset A of a ternary 
semiring T is said to be left ternary idealor left idealof T if  

(1) a, b ∈A implies a + b∈ A. 
(2) b, c∈  T, a∈A implies bca∈  A. 

Note 2.14 : A  nonempty subset A of a ternary semigroup T is 
a left ideal of T if and only if A is additive subsemigroup of T 
and TTA ⊆  A. 

Example 2.15 :In the ternary semiring Z0 , nZ0 is a left ideal 
for any n ∈N. 

Definition 2.16[14] : A nonempty subset of a ternary 
semiring T is said to be a lateral ternary idealor simply 
lateral ideal of T if  

(1) a, b ∈ A implies a + b∈ A. 
(2) b, c∈  T , a∈A implies bac∈  A. 

Note 2.17: A nonempty subset of A of a ternary semigroup T 
is a lateral ideal of T if and only if A is additive subsemigroup 
of T and TAT ⊆  A. 

Example 2.18 :In the ternary semiring Z0 , nZ0 is a lateral 
ideal for any n ∈N. 

Definition 2.19[14]: A nonempty subset A of a ternary 
semigroup T is a right ternary ideal or simply right ideal of T 
if  

(1) a, b ∈ A implies a + b∈ A. 
(2) b, c ∈  T , a∈A implies abc∈  A. 

Note 2.20: A nonempty subset A of a ternary semigroup T is a 
right ideal of T if and only if A is additive subsemigroup of T 
and ATT ⊆  A. 

Example 2.21:In the ternary semiring Z0 , nZ0 is a right ideal 
for any n ∈N. 

Definition 2.22[14] : A nonempty subset A of a ternary 
semiring T is a two sided ternary ideal or simply two sided 
ideal of T if   

(1) a, b ∈ A implies a + b∈ A 
(2) b, c∈  T , a∈A implies bca∈  A, abc∈A. 

Note 2.23: A nonempty subset A of a ternary semiring T is a 
two sided ideal of T if and only if it is both a left ideal and a 
right ideal of T . 

Example 2.24 :In the ternary semiring Z0 , nZ0 is a two sided 
ideal for any n ∈N. 

Definition 2.25 [14]: A nonempty subset A of a ternary 
semiring T is said to be ternary  ideal or simply an ideal of T 
if   

  (1) a, b ∈ A implies a + b∈ A 
     (2) b, c ∈  T , a ∈A implies bca∈  A, bac∈A, abc∈A. 

Note 2.26 : A nonempty subset A of a ternary semigroup T is 
an ideal of T if and only if it is left ideal, lateral ideal and right 
ideal of T. 

Example 2.27 : Let N be the set of all natural numbers. Define 

the ternary operation from N N N× × →  N as (a, b, c) = 
a.b.c where ‘.’ is usual multiplication. Then N is a ternary 
semiring  and A = 3N is an ideal of the ternary semiring N. 

Theorem 2.28[14] : The nonempty intersection of any two 
ideals of a ternary semiring T is an ideal of T. 

Theorem 2.29[14] : The nonempty intersection of any 
family of ideals of a ternary semiring T is an ideal of T. 

Definition 2.30[14] :An ideal A of a ternary semiring T is 
said to be a completely prime ideal of T provided x, y, z ∈  T 
and xyz∈A implies either x∈  A or y∈A or z∈A. 

Definition 2.31[14] : Let T be a ternary semiring.  A 
nonempty subset A of T is said to be a  

c-system of T if for each a, b, c∈ A implies abc∈ A. 

Theorem 2.32[14] : An ideal A of a ternary semiring T is 
completely prime if and only if T\A is either c-system of T 
or empty.  

DEFINITION 2.33[14] : An ideal A of a ternary semiring T is 
said to be a prime ideal of T provided X,Y,Z are ideals of T 
and XYZ ⊆  A ⇒  X ⊆ A or Y ⊆ A or Z ⊆ A. 

DEFINITION 2.34[14] : A nonempty subset A of a ternary 
semiring T is said to be an m-system provided for any a, b, 
c∈A implies that TeTeaTeTebTeTecTeTe ∩ A ≠ ∅. 

Theorem 2.35[14] : Every completely prime ideal of a 
ternary semiring T is a prime ideal of T. 

Theorem 2.36[14] : Let T be a commutative ternary 
semiring. An ideal P of T is a prime ideal if and only if P is 
a completely prime ideal. 

Theorem 2.37[14] : Every completely prime ideal  of a 
ternary semiring T is a completely semiprime ideal  of T. 

Definition 2.38[14] : An ideal A of a ternary semiring T is 
said to be a completely semiprime ideal provided x∈ T, 

nx ∈A for some odd natural number n>1 implies x∈A. 

Definition 2.39[14]: Let T be a ternary semiring. A 
non-empty subset A of T is said to be a d-system of T if  

a∈A⇒ na ∈A for all odd natural number n. 

Theorem 2.40[14] : Every completely semiprime ideal of a 
ternary semiring T is a semiprime ideal of T. 

Theorem 2.41[14]: Let T be a commutative ternary 
semiring. An ideal A of T is completely semiprime if and 
only if it is semiprime. 

Definition 2.42[14]: An ideal A of a ternary semiring T is 
said to be semiprime ideal provided X is an ideal of T and 
Xn ⊆  A for some odd natural number nimplies X ⊆ A. 

Definition 2.43[14]: A non-empty subset A of a ternary 
semiring T is said to be an n-system provided for any a∈A 
implies that TeTeaTeTeaTeTeaTeTe∩ A ≠ ∅. 

Theorem 2.44[14]: Every m-system in a ternary semiring 
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T is an n-system. 

Theorem 2.45[14] : An ideal Q of a ternary semigroup T is 
a semiprime ideal if and only if T\Q is an n-system of T or 
empty. 

Theorem 2.46[14]: If T is a globally idempotent ternary 
semiring then every maximal ideal of T is a prime ideal of 
T. 

III. PRIME RADICAL AND COMPLETELY PRIME 
RADICAL 

We use the following notation. 

Notation 3.1 : If A is an ideal of a ternary semiring T, then we 
associate the following four types of sets. 

1A  = The intersection of all completely prime ideals of T 

containing A. 

2A  = {x∈T: xn∈A for some odd natural numbers n}  

3A  = The intersection of all prime ideals of T containing A. 

4A  = {x∈T: nx< > ⊆ A for some odd natural number n} 

Theorem 3.2 : If A is an ideal of a ternary semiring T, then 

A ⊆ 4A ⊆ 3A ⊆ 2A ⊆ 1A . 

Proof : i) A ⊆ 4A : Let x∈A . Then < x > ⊆ A and hence 

x∈ 4A .  Therefore A ⊆ 4A  

ii) 4A ⊆ 3A : Let x∈ 4A . Then nx< > ⊆ A for some odd 

natural number n. 
 Let P be any prime ideal of T containing A. 

Then nx< > ⊆ A for some odd natural number 

n⇒ nx< > ⊆  P.  Since P is prime ,<x > ⊆  P and hence 

x∈P.  Since this is true for all prime ideals of P containing A,  

x∈ 3A . Therefore 4A ⊆ 3A  

iii) 3A ⊆ 2A  : Let x∈ 3A . Suppose if possible 2x A∉ .  

Then nx ∉A  for all odd natural number n.   

Consider Q = ∪ nx  for all odd natural number n, and x∈T. 

Let a, b, c ∈Q . Then a= ( )rx , b = ( )sx , c = ( )tx  for some 

odd natural numbers r, s, t.  Therefore abc = ( )rx ( )sx ( )tx  

= r s tx Q+ + ∈  and hence Q is a c-system of T.  By theorem 

2.32, P = T\Q is a completely prime ideal of T and x P∉ .   

By theorem 2.35, P is a prime ideal of T and x P∉ . 

Therefore 3x A∉ .   

It is a contradiction. Therefore x ∈ 2A  and hence 3A ⊆ 2A . 

iv) 2A ⊆ 1A  : Let x ∈ 2A . Now x ∈ 2A ⇒
nx ∈ A for 

some odd natural number n. 
Let P be any completely prime ideal of T containing A. 

Then nx ∈ A ⊆ P ⇒ nx ∈ P ⇒ x∈P.  Therefore x∈ 1A  

.Therefore 2A ⊆ 1A .   Hence A ⊆ 4A ⊆ 3A ⊆ 2A ⊆ 1A . 

Theorem 3.3 : If A is an ideal of a commutative ternary 

semiring T, then 1A = 2A = 3A = 4A  

Proof : By theorem 3.2,  A⊆ 4A ⊆ 3A ⊆ 2A ⊆ 1A .  By 

theorem 2.36, in a commutative ternary semiring T, an ideal A 
is a prime ideal if A is completely prime ideal.   

So 1A = 3A . By theorem 2.40, in a commutative ternary 

semiring T an ideal A is semiprime if and only if A is 

completely semiprime ideal.  So 4A = 2A and 

hence 1A = 2A = 3A = 4A . 

Note 3.4: In an arbitrary ternary 

semiring 1A ≠ 2A ≠ 3A ≠ 4A . 

Example 3.5 : Let T be the free ternary semigroup generated 

by a, b, c.  It is clear that A = T 3a T is an ideal of T.  Since 
5a ∈T 3a T, we have a∈ 2A .   Evidently ( )n

abc ∉T 3a T 

for all odd natural numbers n and thus abc∉ 2A .   Thus 2A is 

not an ideal of T. Therefore 1A ≠ 2A and 2A ≠ 3A . 

 We now introduce prime radical and complete prime 
radical of an ideal in a ternary semiring. 

Definition 3.6 : If A is an ideal of a ternary semiring T , then 
the intersection of all prime ideals of T containing A is called 
prime radical or simply radical of A and it is denoted by 

A or rad A. 

Definition 3.7: If A is an ideal of a ternary semiring T , then 
the intersection of all completely prime ideals of T containing 
A is called completely prime radical or simply complete 
radical of A and it is denoted by c.rad A. 

Note 3.8: If A is an ideal of a ternary semiring T , then rad A 

= 3A , c.rad A = 1A and rad A ⊆c.rad A. 

Corollary 3.9: If a∈ A , then there exist a positive 

integer n such that na ∈A for some odd natural number 
n∈∈∈∈ N. 

Proof : By theorem 3.2, 3A ⊆ 2A  and hence 

a∈ A = 3A ⊆ 2A . Therefore na ∈A for some odd natural 

number n∈N. 

Corollary 3.10 : If A is an ideal of a commutative ternary 
semiring T, then rad A = c.rad A. 

proof : By theorem 3.3,rad A = c.rad A. 

Corollary 3.11 : If A is an ideal of a ternary semiring T 
then c.rad A is a completely semiprime ideal of T. 

proof : By theorem 2.39, c.rad A is a completely semiprime 
ideal of T. 

Theorem 3.3.12 : If A, B and C are any three ideals of a 
ternary semiring T , then 
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i)   A ⊆  B ⇒ A ⊆ B  
ii) if A ∩ B∩ C ≠ ∅∅∅∅ then 

 ABC = A B C A B C=∩ ∩ ∩ ∩  

 iii) A =  A . 
proof : i) Suppose that A⊆ B. If P is a prime ideal containing 

B then P is a prime ideal containing A. Therefore 

A ⊆ B . 

ii) Let P be a prime ideal containing ABC.  Then ABC ⊆ P 
⇒A⊆ P or B ⊆ P or C ⊆ P  

⇒ A B C∩ ∩ ⊆P.  Therefore  P is a prime ideal containing 

A ∩ B∩  C.   

Therefore rad( A B C∩ ∩ ) ⊆ rad(ABC).Now let P be a 

prime ideal containing A B C∩ ∩ .   

Then A B C∩ ∩ ⊆ P ⇒ABC ⊆ A B C∩ ∩ ⊆ P 

⇒  ABC ⊆ P.  Hence P is a prime ideal containing ABC.   

Therefore rad (ABC) ⊆rad( A B C∩ ∩ ).  

Therefore rad(ABC) = rad( A B C∩ ∩ ).  

Since A B C∩ ∩ ≠ ∅, it is clear that A ∩ B ∩ C is an ideal in 

T.  Let x∈ A B C∩ ∩ .   

Then there exists an odd natural number n∈ N such that 

xn
∈ A B C∩ ∩ .   

Therefore xn
∈ A, xn

∈ B and  xn
∈ C.  It follows that x∈ A ,  

x∈ B and  x∈ C .  Therefore x∈ A B C∩ ∩ .  

Consequently, x∈ A B C∩ ∩ implies that there exists 

odd natural numbers n, m, p∈ N such that xn
∈ A, xm

∈ B and 
xp
∈ C.   

Clearly, xnmp
∈A ∩ B ∩ C.  Thus x∈ A B C∩ ∩ .   

Therefore if A ∩ B ∩ C ≠ ∅then 

A B C A B C=∩ ∩ ∩ ∩ . 

 iii) A = The intersection of all prime ideals of T containing 
A.  

Now A = The intersection of all prime ideals of T 

containing A . 
                   = The intersection of all prime ideals of T 

containing A = A  

Therefore A =  A . 

Theorem 3.13 : If A is an ideal of a ternary semiring T 

then A  is a semiprime ideal of T. 

proof : By theorem 2.41 , A  is a semiprime ideal of T. 

Theorem 3.14 : An ideal Q of ternary semiring T is a 

semiprime ideal of T if and only if Q    =Q. 

Proof :  Suppose that Q is a semiprime ideal.  Clearly Q ⊆ 
√Q.Suppose if possible √Q ⊈ Q. 
Let a∈ √Q and a∉ Q.  Now a∉ Q ⇒a∈ T\Q and Q is 
semiprime. By theorem 2.44,  
T\Q is an n-system. By theorem 2.45, there exists an m-system 
M such that  

a∈ M ⊆ T\Q.Q ⊆  T\M and now T\M is a prime ideal of T, 

a∉T\M.  It is a contradiction.   
Therefore √Q  ⊆ Q.  Hence √Q = Q. 
Conversely suppose that Q is an ideal of S such that √Q = Q.   
By corollary 3.13, √Q is a semiprime ideal of T.   Therefore Q 
is semiprime. 

Corollary 3.15 : An ideal Q of a ternary semiring T is a 
semiprime ideal if and only if Q is the intersection of all 
prime ideal of T contains Q. 

Proof : By theorem 3.14., Q is semiprime iff Q is the 
intersection of all prime ideals of T contains Q. 

Corollary 3.16 : If A is an ideal of a ternary semiring T, 
then √A is the smallest semiprime ideal of T containing A. 

Proof : We have that √A is the intersection of all prime ideals 
containing A in T. Since intersection of prime ideals is 
semiprime, we have √A is semiprime. Further, let Q be any 
semiprime ideal containing A, i.e. A ⊆ Q.  So √A ⊆ √Q. Since 
Q is semiprime, By theorem 3.14, √Q = Q.  Therefore √A ⊆ 
Q. Hence √A  is the smallest semiprime ideal of T containing 
A. 

Theorem 3.17 : If P is a prime ideal of a ternary semiring 

T, then  ( )nP  = P for all odd natural numbers n∈N. 

Proof :We use induction on n to prove nP = P.  

First we prove that PP = . Since P is a prime ideal, 

PPP ⊆⊆ ⇒ PP = .  Assume that PPk =  for 

odd natural number k  such that k≤1 <n.  

Now 
2 . .k k kP P P P P P P

P P P P P

+ = =

= = =

∩ ∩

∩ ∩
.   

Therefore 2kP P+ = .  By induction nP = P for all odd 
natural number n∈N. 

Theorem 3.18: In a ternary semiring T with identity there 

is a unique maximal ideal M such that ( )nM = M for 

all odd natural numbers n ∈N. 

Proof: Since T contains identity, T is a globally idempotent 
ternary semigroup. 
Since M is a maximal ideal of T, by theorem 2.46 M is prime.  

By theorem 3.16, ( )nM = M for all odd natural numbers n. 

Theorem 3.19: If A is an ideal of a ternary semiring T 

then A ={x ∈∈∈∈ T: every m-system of T containing x 

meets A} i.e., A  = { : ( )x T M x A∈ ≠ ∅∩ }. 

Proof: Suppose that x∈ A .  Let M be an m-system 
containing x.   Then T\M is a prime ideal of T and x∉ T\M.  If 

M ∩  A = ∅  then A ⊆  T\M.  Since T\M is a prime ideal 

containing A, A ⊆  T\M and hence x∈ T\M.  

It is a contradiction.  Therefore M(x)∩ A ≠ ∅ .  Hence 

x∈ { }: ( )x T M x A∈ ≠ ∅∩ . Conversely suppose that 

x ∈ { }: ( )x T M x A∈ ≠ ∅∩ . Suppose if possible 
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x∉ A .  Then there exists a prime ideal P containing A such 
that x∉ P.  Now T\P is an m-system and x∈  T\P. A ⊆  P  

⇒  T\P∩ A = ∅ ⇒ x∉ { }: ( )x T M x A∈ ≠ ∅∩ .  It is 

a contradiction.  Therefore x∈ A .  

Thus A = { }: ( )x T M x A∈ ≠ ∅∩ . 

IV. CONCLUSION   

In this paper mainly we studied about prime radicals in 
ternary semirings.  
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