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Prime Radicals and Completely Prime Radicals
In Ternary Semirings

D. MadhusudhanaRao, G. SrinivasaRao

Abstract— In this paper we introduced prime radicals and II. PRELIMINARIES

completely prime radicals in ternary smearingt is proved that Definition 2.1[10] : A nonempty set T together with a binary

If A, B and C are any three ideals of a ternary semigi T, then i) A : o o
0 \/Z\ 0 \/E o operation called addition and a ternary multiplmaidenoted
B = W) i AN BN C # gthen o 11ig said to be dernary semiringif T is an additive

JABC = JANBNC= JANV BN C i JJVA = commutative semigroup satisfying the following citiohs :
i) [[abdde] = [a[bcde] = [ab[cdd],
\/Z. Further it is proved that an ideal Q of ternargmiring Tis i) [(a + b)cd] = [acd] + [bed),
a semiprime ideal of T if and only i =Q. Itis proved thatif 1il) [a(b+c)d] = [abd + [acd,
P Y 1\/6 Q P iv) [ab(c + d)] = [abd + [abd for all &; b; c; d; e€T.
P is a prime ideal of a ternary semiring T, the (P)“ =pfor Throughout Twill denote a ternary semiring unlegseowise
stated.

all odd natural numbers fIN and if A is an ideal of a ternary
semiring T thenv A ={x € T: every m-system of T containing x Note 2.2: For the convenience we writ X, X, instead of

meets A} ie, VA = { xOT: M(XN Az0 1 [X1X2X3]
Mathematical Subject Classification: 16Y30, 16Y99.

Keywords left simple, lateral simple, right simple, simplduo Note 2.3: Let T be a ternary semiring. If A,B and C areeth

ternary semiring,semisimple ternary semiring, gldba subsets of T , we shall denote the set
idempotent ABC = {Zabc: ald Add B ¢ (}:
I. INTRODUCTION Note 2.4: Let T be a ternary semiring. If A,B are two seitss
of T , we shall denote the set A + B =

Algebraic structures play a prominent role in mathgcs
with wide ranging applications in many disciplinesch as {a+ b:all A bl E} .

theoretical physics, computer sciences, controlnemging,

information sciences, coding theory, topologicadags, and Note2.5: Any semiring can be reduced to a ternary semiring
the like. The theory of ternary algebraic systewess

introduced by D. H. Lehmer [9]. He investigatedtaim Example 2.6 Let T be an semigroup of ath x n matrices
ternary algebraic systems called triplexes which aut to be over the set of all non negative rational numbdisen T is a
commutative ternary groups. D. MadhusudhanaRao[%rnary semiring with matrix multiplication as th]ernary
characterized the primary ideals in ternary senigsoabout Operation.

T. K. Dutta and S. Kar [6] introduced and studieiine
properties of ternary semirings which is a geneadilbn of
ternary rings. D. MadhusudhanaRao and G. Srinima
[11] investigated and studied about special elemémta
ternary semirings. D. Madhsusudhana Rao and Givasia
Rao [12, 13] introduced the ternary semiring in akhi

satisfies the some identities and they made a samty . ¢aq by 0.0.0 = 0 is a ternary semiring. Tisnary

investigated structure of certain ideals in ternseynirings. semiring is called thewll ternary semiring or the zero
Our main purpose in this paper is to introduceStracture of ternary semiring.

prime radical in ternary semirings.

Example 2.7 LetS={...-2i, —i, 0, i, 2i, ...} be a ternary
semiring withrespect to addition and complex triple
multiplication.

Example 2.8 The set T consisting of a single element 0 with
binary operation defined by 0 + 0 = 0 and terngrgration

Example2.9 :The set Q of all rational numbers with respect
to ordinary addition and ternary multiplication fi¢fined by
[abd = abcfor all a, b, ce Q is a ternary semiring.

Definition 2.10[10]: A ternary semiring T is said to be
Manuscript Received on February 2015 commutative ternary semiringprovidedabc = bca= cab=
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Example 2.11 ((Z° +, .) is a ternary semiring of infinite order
which is commutative.
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Example2.12 The set 2l of all even integers is aExample 2.27: Let N be the set of all natural numbers. Define

commutative ternary semiring with respect to ordina the ternary operation frofN X Nx N - N as @, b, ¢) =
addition and ternary multiplication [ ] defined fbd = abc 5 p.cwhere *.’ is usual multiplication. Then N is anery

for alla, b, ce T. semiring and A = 3N is an ideal of the ternary isizmg N.
Definition 2.13[14] : A nonempty subset A of a ternary Theorem 2.28[14] : The nonempty intersection of anfwo
semiring T is said to bleft ternary ideabr left idealof T if ideals of a ternary semiring T is an ideal of T.

(1) a, beA impliesa + be A. ) . .

2)b, cJ T, alJA impliesbcall A. Theorem 2.29[14] : The nonempty intersection of any

family of ideals of a ternary semiring T is an idehof T.
Note 2.14: A nonempty subset A of a ternary semigroup T is

a left ideal of T if and only if A is additive sutamigroup of T  Definition 2.30[14] :An ideal A of a ternary semiring T is
and TTAL] A said to be @ompletely prime ideadf T providedx, y, zL1 T
andxyz_J A implies eithex] A orylJA or zLJA.

Example 2.15 In the ternary semiringZ nZ° is a left ideal
for anyn eN. Definition 2.31[14] : Let T be a ternary semiring. A

nonempty subset A of T is said to be a
Definition 2.16[14] : A nonempty subset of a temaryc-syster’meif for eacha, b, o= A impliesabce A.

semiring T is said to be kteral ternary ideabr simply
lateral idealof T if Theorem 2.32[14] : An ideal A of a ternary semiringT is

completely prime if and only if T\A is either c-systenof T

(1) a, be A impliesa + be A. or empty.

(2) b, 1 T ,alJA impliesbacll A.

Note 2.17 A nonempty subset of A of a ternary semigroup PEFINITION 2.33[14]: Anideal A of a ternary semiring T is

is a lateral ideal of T if and only if A is addié\subsemigroup Said to be @rime idealof T provided X,Y,Z are ideals of T
of Tand TAT LI A. and XYZLI A = X UAorY LAorz UA.

Example 2.18 In the ternary semiring’Z nZ° is a lateral DEFINITION 2.34[14]: A nonempty subset A of a ternary
ideal for anyn eN. semiring T is said to be an-systemprovided for anya, b,

cLJA implies that TT®aTT*bTTCT T N A # .
Definition 2.19[14] A nonempty subset A of a ternary _ _
semigroup T is aight ternary idealor simplyright idealof T~ Theorem 2.35[14] : Every completely prime ideal ofa

if ternary semiring T is a prime ideal of T.
(1)a be Aimpliesa + be A. Theorem 2.36[14] : Let T be a commutative ternary
(2)b,cU T, allAimpliesabcl] A. semiring. An ideal P of T is a prime ideal if and aly if P is

Note 2.20 A nonempty subset A of a ternary semigroup T is & Completely prime ideal.

ggzt'&c_il_?lmof; ifand only if A is additive suliségroup of T Theorem 2.37[14] : Every completely prime ideal of

ternary semiring T is a completely semiprime idealof T.

Example 2.21In the ternary semiring’Z nZ% is a right ideal

Definition 2.38[14]: An ideal A of a ternary semiring T is
for anyn eN.

said to be acompletely semiprime idegbrovidedx I T,

Definition 2.22[14] : A nonempty subset A of a ternary X' LJA for some odd natural number1 impliesx[JA.

semiring T is awo sided ternary ideabr simplytwo sided o o
ideal of T if Definition 2.39[14] Let T be a ternary semiring. A

non-empty subset A of T is said to bedaystemof T if

1)a, be A impli +be A
(1)a Impiesa alJA= a" 1A for all odd natural numben.

(2)b, cJ1,abA implies bcall A, abcJA.

Note 2.23 A nonempty subset A of a ternary semiring T is &heorem 2.40[14] : Every completely semiprime ideaif a
two sided ideal of T if and only if it is both aftiédeal and a ternary semiring T is a semiprime ideal of T.

right ideal of T . .
Theorem 2.41[14]: Let T be a commutative ternary

Example 2.24 In the ternary semiring’Z nZ° is a two sided semiring. An ideal A of T is completely semiprimefiand
ideal for anyn eN. only if it is semiprime.

Definition 2.25 [14]: A nonempty subset A of a ternaryDefinition 2.42[14] An ideal A of a ternary semiring T is

semiring T is said to beernary idealor simply aridealof T said to besemiprime idealprovided X is an ideal of T and
if X" A for some odd natural numbeimplies X< A.

(1)a, be Aimpliesa + be A N ;
)b, c[J T,a LA impliesbcal] A, baclJA, abclJA. Def|r.1|.t|0n 2..43[.14]. A non-empty sub;et A of a ternary
semiring T is said to be ansystemprovided for anyalJA
Note 2.26: A nonempty subset A of a ternary semigroup T igmplies that TT®aT T aTT®aTT*N A £ @.

anideal of T if and only if it is left ideal, latd ideal and right
ideal of T. Theorem 2.44[14]: Everym-system in a ternary semiring
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T is ann-system.

Theorem 2.45[14] : An ideal Q of a ternary semigrop T is
a semiprime ideal if and only if T\Q is ann-system of T or
empty.

Theorem 2.46[14]: If T is a globally idempotent tenary
semiring then every maximal ideal of T is a primedeal of
T.

Ill. PRIME RADICAL AND COMPLETELY PRIME
RADICAL

We use the following notation.

Notation 3.1: If Ais an ideal of a ternary semiring T, thea w
associate the following four types of sets.

A = The intersection of all completely prime ideafsT
containing A.
A, = {xUT: x"LJA for some odd natural numbers

% = The intersection of all prime ideals of T contag A.

At = {xT:<x>" [JA for some odd natural numbey

Theorem 3.2 : If Alis an ideal of a ternary semiriig T, then
AOAOAOADA.
Proof : i) A Ll A,: LetxUJA . Then <x >LIA and hence
xU A, . Therefore ALI A,

iy A, U A: Letx A,. Then<x>" LJA for some odd

natural numben.
Let P be any prime ideal of T containing A.

Then <x>" [ A for

n= <x>"[] P. Since P is prime x<[] P and hence
x[IP. Since this is true for all prime ideals of Pi@ining A,

xU A. Therefore A, U A

iy Ay A, @ LetxJ A,. Suppose if possiblxU A .
Then X" gA for all odd natural numbar.

Consider Q =J X" for all odd natural number, andxJ T.
Leta, b, cLJQ . Thera= (X)",b= (X)®,c= (X)' for some

some odd natural

odd natural numberss, t Thereforeabc= (X)" (X)* (X)'

= X" 0Q and hence Q is @system of T. By theorem

2.32, P = T\Q is a completely prime ideal of T axdl P.
By theorem 2.35, P is a prime ideal of T akd] P .

ThereforeXU A
Itis a contradiction. Therefosel] A, and henceA, U A, .

iv) A, U A :LetxUA,. Now xUU A, = X" € A for

some odd natural number
Let P be any completely prime ideal of T contairing

ThenX'e AUP = X"e P =xULP. Thereforexl] A

Therefore A, J A. Hence AU A, UAUTA UOA.

ISSN: 2394-367XVolume-1 Issue-4, February 2015

Theorem 3.3 : If A is an ideal of a commutative terary
semiring T, thenA=A, = A=A,
Proof : By theorem 3.2, AlA, LU AUA LUA. By

theorem 2.36, in a commutative ternary semiringrfideal A
is a prime ideal if A is completely prime ideal.

So A= A. By theorem 2.40, in a commutative ternary
semiring T an ideal A is semiprime if and only if i&

completely semiprime ideal. SoA, = A, and
henceA=A,=A=A,.
Note 3.4 In an arbitrary ternary

semiringA # A, 2 A% A,.

Example 3.5: Let T be the free ternary semigroup generated
by a, b, c. Itis clear that A = B®Tis an ideal of T. Since

a’UTa’T, we have &l A, . Evidently(abC)n Ora’T
for all odd natural numbersand thus atc] A,. Thus A, is
not an ideal of T. Therefordy # A and A, # A.

We now introduce prime radical and complete prime
radical of an ideal in a ternary semiring.

Definition 3.6 : If Ais an ideal of a ternary semiring T , then
the intersection of all prime ideals of T contamif is called
prime radical or simplyradical of A and it is denoted by

\/Z\or rad A.

Definition 3.7: If A is an ideal of a ternary semiring T , then
the intersection of all completely prime idealsTafontaining

number A is called completely prime radicalor simply complete

radical of A and it is denoted by.rad A.

Note 3.8 If Aiis an ideal of a ternary semiring T , thed A
= A, cradA= Aandrad A cc.radA.

Corollary 3.9: If all \/Z then there exist a positive
integer n such that " LJA for some odd natural number
ne N.

Proof By theorem 3.2, A, LI A and hence

allvA= A, 0 A, . Thereforea" LIA for some odd natural
numbem[IN.

Corollary 3.10 : If A'is an ideal of a commutativeternary
semiring T, thenrad A =c.rad A.

proof : By theorem 3.3ad A = c.rad A.

Corollary 3.11 : If A is an ideal of a ternary semiing T
then c.rad A is a completely semiprime ideal of T.

proof : By theorem 2.3%.rad A is a completely semiprime
ideal of T.

Theorem 3.3.12 : If A, B and C are any three idealsf a
ternary semiring T , then

; ”
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) AUB=>JAOVB

ii) if A N BN C# @ then
JABC=.ANBNC=vANYBNJ/C

i) VWA= JA.

proof : i) Suppose that Al B. If P is a prime ideal containing

ac M € T\Q.Q L T\M and now T\M is a prime ideal of T,
allT\M. It is a contradiction.

ThereforeVQ < Q. HencelQ = Q.

Conversely suppose that Q is an ideal of S sudch/fda Q.

By corollary 3.13)Q is a semiprime ideal of T. Therefore Q
is semiprime.

B then P is a prime ideal containing A. Therefor&orollary 3.15 : An ideal Q of a ternary semiring Tis a

JAUVB.

ii) Let P be a prime ideal containing ABC. Then @& P
=—AcPorBcPorCcP

= AN BN
ANB( C.
Thereforerad( A() B C) < rad(ABC).Now let P be a
prime ideal containingA( B(] C.

Then ANNBN CcP=ABCcANBNCcP

semiprime ideal if and only if Q is the intersectio of all
prime ideal of T contains Q.

Proof : By theorem 3.14., Q is semiprime iff Q is the
intersection of all prime ideals of T contains Q.

CcP. Therefore P is a prime ideal containing

Corollary 3.16 : If A is an ideal of a ternary semiring T,
then VA is the smallest semiprime ideal of T containing A

Proof : We have thatA is the intersection of all prime ideals
containing A in T. Since intersection of prime itbeds
semiprime, we haveA is semiprime. Further, let Q be any

— ABC C P. Hence P is a prime ideal containing ABCSemiprime ideal containing A, i.e.&Q. SoVA €VQ. Since

Thereforerad (ABC) crad( A() B[ C).
Thereforerad(ABC) =rad( A(1 B[ C).
Since A B[ C#9, itis clear that X1 BN C is an ideal in

T. Letxe/A BN C.

Then there exists an odd natural numher N such that

x'e AN BN C.
Thereforex"e A, X"e B and x"e C. It follows thatxe \/Z\
xe /B and xe \/6 . Thereforexe \/Zﬂ\/gﬂ\/a .

Consequentlyxe ~/ AN~/ BN+ Cimplies that there exists

odd natural numbens, m, pg N such thake A, x"e B and
xPe C.

Clearly,xX"™eA N BN C. Thusxe /AN BN C.
Therefore if A N B N C 4

JANBNC=+ ANV BNV C.

iii) \/Z = The intersection of all prime ideals of T contan
A.

Pthen

Q is semiprime, By theorem 3.14Q = Q. ThereforelA
Q. HenceVA is the smallest semiprime ideal of T containing
A.

Theorem 3.17 : If P is a prime ideal of a ternary emiring

T, then /(P)" =P for all odd natural numbers n[IN.

P" =P
First we prove thaty P =P . Since P is a prime ideal,

PD\/BD P:\/B:P. Assume that/ PX = P for
odd natural number k such tHbg K <n.

oy VP2 =VPLRP=V PNV PNV F
=J/PNV/PNVP=VP=P |

Thereforey/ P¥"2 = P. By inductionv/ P" = P for all odd
natural numbenl[JN.

Proof :We use induction on to prove

Theorem 3.18: In a ternary semiring T with identity there

is a unique maximal ideal M such that,/(M)" = M for

Now \/\/Z = The intersection of all prime ideals of Tall odd natural numbersn LIN.

containing\/x .
= The intersection of all primdeals of T

containing A :\/Z
Therefore\/x/x = \/Z\

Theorem 3.13 : If A is an ideal of a ternary seming T
then \/Z\ is a semiprime ideal of T.

proof: By theorem 2.41 \/Z is a semiprime ideal of T.

Theorem 3.14 : An ideal Q of ternary semiring T isa
semiprime ideal of T if and only if \/6 =Q.

Proof : Suppose that Q is a semiprime ideal. Clearlg Q
VQ.Suppose if possibhQ & Q.

Let ac VQ anda¢ Q. Nowag Q =ac T\Q and Q is
semiprime. By theorem 2.44,

T\Q is am-system. By theorem 2.45, there existsrasystem
M such that

Proof: Since T contains identity, T is a globally idengut
ternary semigroup.
Since M is a maximal ideal of T, by theorem 2.46sNdrime.

By theorem 3.16,/(M )" =M for all odd natural numbers

Theorem 3.19: If A is an ideal of a ternary semirig T
then \/K:{x € T: every m-system of T containingXx
meets A} i.e., VA = {xOT: M(XN Az0}.

Proof: Suppose thak L] \/Z\ Let M be an m-system
containingx. Then T\M is a prime ideal of T amd] T\M. If

M A=0 then ALl TW. Since T\M is a prime ideal
containing A,\/K L] T\M and hencee T\M.

It is a contradiction. Therefore (VA #0 . Hence
xJ {XDT: M(X) () A% D} . Conversely suppose that

x O {XDT: M(X N A# D} Suppose if possible
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x[J \/Z . Then there exists a prime ideal P containingiéhs
thatx[] P. Now T\P is am-system an&[] T\P. A L1 P

= TWNA=0=xO0{xOT: M(YN Az 0} . Itis
a contradiction. Therefopd_] \/Z\
Thus VA= {xOT: M(XN Az O} .

IV. CONCLUSION

In this paper mainly we studied about prime radical
ternary semirings.
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