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Fuzzy Lvsets and fuzzy.As«-set:

S. Tharmar

Abstract. Recently, El-Naschie has shown that the notion of fuzzy
topology may be relevant to quantum particle physics in
connection with string theory and E-infinity space time theory. In
this paper, we define A-setsand W sets in fuzzy ideal topological
spaces and discuss their properties. Also definel. A-setsand |. ¥
setsin fuzzy ideal topological spaces and discusstheir properties.
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l. INTRODUCTION

Fuzziness is one of the important and useful casciey
the modern scientific studies. This is becausdeffact tha
since Zadeh ifst introduced the notion of fuzzy st
applications of this idea was made by many autt
Throughout the development of fuzzy sets, theorynyn
interesting phenomena have been obse

The topic of an ideal topological spa was studied
intensively by several authors [2, 7]. In [8], Mabu and ir
[9], Sarkar independently presented some of theal
concepts in the fuzzy trend and studied many ofr
properties. The concept of fuzzy topology may bevant to
guantum paitle physics particularly in connection wi
strong theory and Efinity theory [3, 4, 5, 6]. In this pape
we define A-sets andvg-sets in fuzzy ideal topologic
spaces and discuss their properties. Also d
I.A-sets and .Vi-sets in fuzzy ideatopological spaces ar
discuss their properties.

1. PRELIMINARIES

Throughout this paper, X represents a nonemptyyfaet
and fuzzy subset A of X, denoted by < X, then is
characterized by a membership function in the seof<
Zadeh [10]. The basic fuzzy tseare the empty set, t
whole set and the class of all fuzzy subsets ofhciv will
be denoted by 0, 1 and respectively. A subfamilz of IXis
called fuzzy topology due to Chang [1]. By (z) or X, we
mean a fuzzy topological space in Chang's e. A fuzzy
point in X with support x¢ X and valuea(0 < a < 1) is
denoted by x
For a fuzzy set A'in X, cl(A), int(A) and -

A will, respectively, denote the closure, interior
complement of A. A nonempty collection of fuzzy sé

of a set X is called a fuzzy ideal [8] if and oifiy1) if A

€l and A< B, then

B €l, (2) if A €l and Bel, then Av B €
l.

The triple (X,z, 1) means a fuzzy topological space wit
fuzzy ideal | and fuzzy topology. For (X, z, ), the fuzzy
local function of A< X with respect ta and | denoted by
A’(z, 1) (briefly A?) and is defined Az, I)
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=v{x eX:AAUEI for every Ue 1}.
While A’is the union of the fuzzy points such that i€ ¢
and Eel, then there is at least onee X for which U(y) +
A(y) — 1> E(y). Fuzzy closure operator of a fuzzy set #
(X, 7, 1) is defined as &A) = A v A”. In (X, 7, I), the
collection 7°() means an extension of fuzzy topologi
space thanr via fuzzy ideal which is constructed
considering the clags

={U-E:UE€Er+ EE€Il} as a base. This topology
considered as generalization of the ordinary

Definition 2.1. A fuzzy subset A of a fuzzy topological space
(X, 7, 1) is said to be fuzzy ?-closed if A’ < A. The
complement of fuzzy ?-closed set is fuzzy ?-open.

I1. FUZZY A-SETSAND FUZZY V-SETS
Definition 3.1. Let A be a fuzzy subset of a fuzzy topological
space (X, 7). We define the subsetsA? andAy as follows:

(1) A?=V{y . AzUand U is fuzzy open}.
(2) As=A{F : F<Aand F isfuzzy closed}.

Lemma 3.2. For fuzzy subsets A, B and A;, i€ A, of a fuzzy
topological space (X, 7) the following properties hold:

(1) A<Ax.

(2) A<B = AN<B.

(3) (AAF)AT= AAF.

(4) If Aisfuzzy openthen A= Ax.

(6) VI(A):ieAr = (V{ArT e AP/ (6) VAT E

A N<M(A): TEA}.
(7) (1 _A)Af: 1 _Avf.

Proof. (1), (2), (4) and (6) are immediate consequence
Definition 3.1.

(3) From (1) and (2) we haA <(A%). If X;E/A%, then
there exists a fuzzy open set

A

A
U such that AU and x€/U. Hence fSU by Definition

3.1 and so &/(A%)%. Thus
(AAF)AT <AAF. Hence AAF)AF = AAT.

(5) Let A=V{A;: iEA}. Therefore
Ai<V{A;: i e A} By (2) (A)M< (V
(A, 1@ e A}
A. Hencev{( A)A: ieEA}<(V
{Ai:i € ADy;. Suppose * ¢ \/{(Ai)}\ s

€ A}, then for eachéd A, there exists a fuzzy open se
such that A< U;jand x €/ U;. If U =v{U;:i € A} then U is
fuzzy open set with A U and 3, €/ U. Therefore xe/ A;.
Hence Y{A;: i€ APMSV{(A)A: i € AL
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(7) (1 — A)? - /\{Uzl—ASUandUis

fuzzy open}
=1-v{1-U:1-U<Aand1-Uisfuzzy close
=1- Avf.

Remark 3.3. In Lemma 3.2, the equality in (6) does not hold
as per the following example.

Example 3.4. Let X={a, b, c} and A, B be fuzzy sets of X
defined as follows : A(a) = 0.3, A(b) = 0.6, A(c) = 0.9, B(a)
= 0.2, B(b) = 0.7, B(c) = 0.9, C(a) = 0.2, C(b) = 0.6, C(c) =
0.9.Weputz={0,C, 1} and | = {0}.

Then A%= 1, B%= 1and (AAB)%= C.

Therefore(A/\B)? =05 1 =ANBy

Lemma 3.5. For subsets A, B and A, i€ A, of a fuzzy

FUZZY |.v+~SETS AND FUZZY IA-SETS 3
topological space (X, ) the following properties hold:

(1) A%<A

(2) A<B= A%<By.

(3) (Avf)vf= Avf.

(4) If Aisfuzzy closed then A= AY;.

(6) (MA:ieAhvi= M(A): i€ A}. (6) V{(A)Y: i€
A} < (V{A:i € A})Vs.

Proof. (1), (2),(4) and (6) are immediate consequence
Definition 3.1.

(3) From (1) and (2) we havé\¢)vs< A%. If x; € A%then
for some fuzzy closed sekR and x €F. Then < Av; by
Definition 3.1.

Since F is fuzzy closed, again by Definition 3.1 € (Avf
Vi .

(5) Let A=nA{A;: i€ A}. By (2) we have A{A: i € A}) ;<
MAYY i€ A 1f xa € M) 1€ A} e for
each € A, there exists a fuzzy closed s; such that <
Ajand x € F. If F = A{F;: i € A} then F is fuzzy closed wit
F<A and x% €F. Therefore xe Av;. Hencen{(A);: i€ A} <
(MA T €AYV,

Remark 3.6. In Lemma 3.5, the equality in (6) does not
hold. It is shown in the following example.

Example 3.7. Let X={a, b, c} and A, B be fuzzy sets of X
defined as follows : A(a) = 0.3, A(b) = 0.6, A(c) = 0.9, B(a)
= 0.2,B(b) = 0.7, B(c) = 0.9, C(a) = 0.3, C(b) = 0.7, C(c) =
0.9, D(a) = 0.7, D(b) = 0.3, D(c) = 0.1. We put z = {0, D,
1} and | = {O}. Then Av;= 0,

A \% 4
BYt= 0 and (Av B)J: C. ThereforeAf\/B =0<c=
(AVB)»;.
Definition 3.8. A fuzzy subset A of a fuzzy topological space
(X,7)issaidtobea

(1) Arsetif A= Ax.

(2) vesetif A= Av.
Remark 3.9. 0 and 1 are always A+sets and V¢-sets.

Theorem 3.10. Let (X, 7) be a fuzzy topological space. Then
the following hold.

(1) Arbitrary union of A-setsisa A¢-Set.

(2) Arbitrary intersection of vi-setsisa V-set.

Proof. (1) Let {A;: i € A} be a family ofasets. If A=v{A;:i
€ A}, then by Lemma 3.28%= V{(A)%:i € A} = V{A;:i €
A} = A. Hence A is aA-set.

(2) Let {A;: i € A} be a family ofvs-sets. If A{A;:i €
A}, then by Lemma 3.5A% = A{(A)s: i € A} = A{A: T E
A} = A. Hence A is avi-set.

Theorem 3.11. Let (X, 7) be a fuzzy topological space. Then
the following hold.

(1) Arbitrary intersection of Ar-setsisa A-set.
(2) Arbitrary union of vi-setsisa v-set.

Proof. (1) Let {A;: i € A} be a family ofAssets. If A =A{A;:
i € A}, then by Lemma
3.2, AN<A{(A): i € A} = MA:
Lemma 3.2, A A%. Hence A is
N¢-Set.

(2) Let {A;: i € A} be a family ofvgsets. If A =v{A;:i
€ A}, then by Lemma 3.54v:> V{(A)Y%:i € A} = V{A;:i €

v

A} = A. Again by Lemma 3.54]” SA. Hence Ais a
Vi-set.

i € A} = A. Again by

V. GENERALIZED AF-SETSAND VF-SETS
INFUZZY IDEAL TOPOLOGICAL
SPACES

Definition 4.1. A fuzzy subset A of a fuzzy ideal topological
space (X, z, 1) issaid to be
(1) fuzzy I.Arset if A< F whenever A<F and F is
fuzzy ?-closed.
(2) fuzzy |.vesetif 1-Aisa fuzzy |.Asset.
Proposition 4.2. Let (X, 7, 1) be a fuzzy ideal topological
space. Then the following hold:
(1) Every Ar-setisafuzzy |.Ar-set but not conversely.
(2) Every vi-setisafuzzy 1.vi-set but not conversely.

Proposition 4.3. Every fuzzy open set is fuzzy |.A-set but not
conversely.

Proof. Let A<F where F is fuzzy?-closed. If A is fuzzy
open, the = A<F. Hence A is fuzzy./As-set.

Example 4.4. Let X={a, b, c} and A be a fuzzy set of X
defined as follows : A(a) = 0.3, A(b) = 0.6, A(c) = 0.9. We
put z = {0, 1} and | = {0}. Then fuzzy ?-closed sets are O
and 1. Therefore A is fuzzy |.A+-set but not A-set and A®is
fuzzy |.v¢-set but not v¢-set.
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Theorem 4.5. A fuzzy subset A of a fuzzy ideal topological
space (X, 7, 1) is a fuzzy |.veset if and only if US AY
whenever U<A and U is fuzzy ?-open.

Proof. Suppose that A is a fuzzyvi-set of X and U is .
fuzzy ?-open set such thatdA. Then 1-A<1-U and 1-U is
fuzzy ?-closed.

Since 1-Ais a fuzzy.A+-set, we have (%
N Vv
A)f Sl_U and so 1_Af <1
3.2. Therefore, 4 Av.
Conversely, assume thaklWAswhenever |<A and U is
fuzzy ?-open. Suppose-A<F and F is fuzzy?-closed.
Then, 1-KA and 1-F is fuzzy?-open. Therefore,—F<AY;

\
and so TAJ‘SF. By Lemma 3.2, we have (- A)% <F.
Hence 1-Ais a fuzzy.A+-set and so A is a fuzz.vs-set

~ U, by Lemma

Theorem 4.6. Let A be a fuzzy subset of a fuzzy ideal
topological space (X, z, 1) such that A%is a fuzzy ?-closed
set. If F = 1, whenever F is fuzzy ?-closed and A
A(1-A)<F, then Aisa fuzzy | .vi-set

Proof. Let U be a fuzzy?-open set such that<A. SinceAY;
is fuzzy ?-closed, Av; A(1-U) is fuzzy ?-closed. By
hypothesisAv;v(1-U) = 1.

This implies that &4 A%s. Hence A is a fuz:

|.Vi-set.

V
The set of all fuzzy.V-sets is denoted by/Zand the set
A
of all fuzzy Lvs-sets by BT
Definition 4.7. Let (X, 7, |) be a fuzzy ideal topological

space and A be a fuzzy subset of X. Then f-cl*(A) =A{U :
A<U and UeD} and f-intY,(A)=V{F : F<A and FeDy"}}.

Theorem 4.8. Let (X, 7, |) be a fuzzy ideal topological space
and A, i€ A be fuzzy subsets of X. Then the
following ; € D}\I hold.

(1) 1f }€ Afor all i€ A, then V{A 1 i € A
Dy.
(2) 1f A e Dy for all i€ A, then A{A: i € A}€ Dy,
e D%

Proof. (1) Let Al fZ for all i€ A. Supposev{A;:i €
A}<F and F is fuzzy?-closed. Then A<F for all i€ A. So
(A)N<F for all i€ A.

Ny
Therefore,\/{(Ai)f SRS A}SF. By Lemmi
3.2, (V{A i € AN = V{(A)Y: i € A}<F. SoV{A,: i € A}e
Dy,

c DY

(2) Let A fZ for all € A. Then,
1-A; € Dy for all ie A. So, by (1),v{1-A;: i € A}e D¢,
Hence 1A{A; : i € A}le D¢y and so
/\{A7 .
FUZZY 1.v-SETS AND FUZZY IN-SETSS '
Theor

em 4.9. Let (X, 7, 1) be a fuzzy ideal topological space and
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A, B be fuzzy subset of X. Then f-cl,Ais a kuratowski closure
operator on X.
Proof. (1) Since 6;= 0, 0 Dy and so fel #(0) = 0.

(2) From the definition of‘d%(A), it is clear that
A<f-clir(A).

(3) We have {U : A/B<U, Ue D/} <{U

A

-A<U, US Dz} sof -l (A)< f-clf (A Vg,
Similarly, f-clA(B)<f-cl*(AvB). Therefore, fclA(A)vi-
crB)f-clr(AvB). On the other hand, if ;
?éf'le(A)\/f‘Clé\(B), then 3, €/fclA(A). So there exists
U, € D¢\ such that AU, but x €/U;. Similarly, there exists

A
u2 © DfI such that BU, but x;, €/U,. Let U
= UvU,. Then, by Theorem 4.8,€ D¢ such that AB<U

but x, €/U. So x €/f-cl*(AvB). Therefore f-cl*(AVB) < f-
clr(A)vi-clA(B) which implies that f-clA(AvB) = f-
chr(A)vicl AB).

(4) Now {U : A<U, Ue Dy} = {U : fdr(A)<U, Ue
Dy} by the definition offcl» operator and sf-cl\A(A) = f-
clir(f-clir(A)). Hencef-cl* is a kuratowski closure operal

Definition 4.10. Let (X, z, 1) be a fuzzy topological space
and A be a fuzzy subset of X. Then A is said to be fuzzy 14
closed (briefly f.l,closed) set if A’ <U whenever A<U and U
is fuzzy open.

The complement of f-15-closed set is f-1 0pen.

Theorem 4.11. Let (X, 7, |) be a fuzzy ideal topological
space. Then 1-f-cl|A(A) = fintv)(1 — A) for every fuzzy subset
Aof X.
Proof. 1-f-cl*(A) = 1-A{U : A<U, Ue Dy}

\Y .
= v{1-U 1 —U<1-A, 1-Ue Dﬂ} = f
intv,(1-A).

Theorem 4.12. A fuzzy subset A of a fuzzy ideal topological
space (X, 7, 1) isan f-1closed set if and only if ¢l *(A)<A%.

Proof. Suppose that A is &lg-closed subset of X. Let;x
ecl’(A). Suppose X ¢A} .

Then there exists a fuzzy open set U containingiéhghat
X, €/U. Since A is d-l,closed set, <U and U is fuzzy open,
c’(A)<U and so x€/cl’(A), a contradiction. Therefor
C|?(A)§A/‘f .

* A
Conversely, suppose éA)SAf. If AU and U is
fuzzy open, thenAy <Up = U and so C((A)<A¥ <U.
Therefore, A id-l,-closed.

Corollary 4.13. A fuzzy subset A of a fuzzy ideal topological
space (X, 7, 1) isf-I;-open if and only if Av;<int’(A).

Proof. A is f-I;-open subset of X iff —A is f-I-closed if and
only if cl’(1-A)<(1 - Ay if and only if T-int’(A)<1-Av; if
and only ifA% <int’(A).
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Theorem 4.14. Let (X, 7, |) be a fuzzy ideal topological
space and A be a fuzzy subset of X. If Ais a f-lg-closed set,
then Aisaf-l4-closed set.

Proof. Let A% be f-Ig-closed set. By Theorem 4.127 (&
)<(A% ) = A% . Since AAYN and so A(A)<cl (A )<AY .
Again, by Theorem 4.12, A isl-closed.
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